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Abstract 

The obstruction space T 2 and the cup product T 1 x T 1 
for toric singularities. 



T 2 are computed 
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1 Introduction 

(1.1) For an affine scheme Y = Spec A, there are two important A-modules, 
Ty and T Y , carrying information about its deformation theory: Ty describes the 
infinitesimal deformations, and T Y contains the obstructions for extending deforma- 
tions of Y to larger base spaces. 



Die Arbeit wurde mit einem Stipendium des DAAD unterstiitzt. 
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In case Y admits a versal deformation, T Y is the tangent space of the versal base 
space S. Moreover, if J denotes the ideal defining S as a closed subscheme of the 
affine space T Y , the module (^/ mTl j) can be canonically embedded into T Y , i.e. 
(Ty )*-elements induce the equations defining S in T Y . 

The vector spaces T Y come with a cup product T Y x T Y — > T Y . The associated 
quadratic form T Y — > T Y describes the quadratic part of the elements of J, i.e. it 
can be used to get a better approximation of the versal base space S as regarding 
its tangent space only. 



(1.2) In [ A.1 1 1 we have determined the vector space T Y for affine toric varieties. 
The present paper can be regarded as its continuation - we will compute T Y and the 
cup product. 

These modules T Y are canonically graded (induced from the character group of the 
torus). We will describe their homogeneous pieces as cohomology groups of certain 
complexes, that are directly induced from the combinatorial structure of the ratio- 
nal, polyhedral cone defining our variety Y. The results can be found in 



Switching to another, quasiisomorphic complex provides a second formula for the 
vector spaces T Y (cf. §|]). We will use this particular version for describing these 
spaces and the cup product in the special case of three-dimensional toric Gorenstein 
singularities (cf. §[F|). 



2 T\T\ and the cup product (in general) 

In this section we will give a brief reminder to the well known definitions of these 
objects. Moreover, we will use this opportunity to fix some notations. 

(2.1) Let Y C GJ W+1 be given by equations fi, ■ ■ ■ , f m , i.e. its ring of regular 
functions equals 

A= P /j with P = (P[z ,...,z v> ] 

I = \fli- ■ ■■> fm) ■ 

Then, using d : J / /2 -> A w+l (d(fi) := (§g, . . . J&)), the vector space T Y equals 

! _ Hom A ( / / / - 2 ,A) / 
Iy ~ /Kom A (A w+1 ,A) ■ 

(2.2) Let TZ C P m denote the P-module of relations between the equations 
fi,...,f m . It contains the so-called Koszul relations IZq := (/je J — foe 1 ) as a 
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submodule. 

Now, Ty can be obtained as 



2 _Hom P (% A) I 
L y~ /Rom P (P m ,A) 



(2.3) Finally, the cup product T 1 x T 1 — >■ T 2 can be defined in the following 

way: 

(i) Starting with an <p G Hom j4 (^/j2, A), we lift the images of the obtaining 
elements <p(fi) G P. 

(ii) Given a relation r G 1Z, the linear combination J2i r i l f{fi) vanishes in A, i.e. 
it is contained in the ideal / CP. Denote by A(</?) G P m any set of coefficients 
such that 

E^(/.) + E%)/» = in P. 
(Of course, A depends on r also.) 

(hi) If ip, ip G Houu(^/j2, A) represent two elements of T Y , then we define for each 
relation r E 71 

(<p U ^) (r) := £ AifoO ^(/O + £ ¥>(/*) AiW G A . 

i i 

Remark: The definition of the cup product does not depend on the choices we 
made: 

(a) Choosing a \'(<p) instead of \(ip) yields \'(<p) — \(ip) G 7Z, i.e. in A we obtain 
the same result. 

(b) Let <p'(fi) be different liftings to P. Then, the difference <p'(fi) — <p(fi) is 
contained in J, i.e. it can be written as some linear combination 

<f'(fi)-<f(fi) =Y, t vfi- 

3 

Hence, 

£ n <f'(fi) =J2 r i <f(fi) + H f ij r i fj > 
i i i,j 

and we can define A^(</?) := \j((p) — J2itij r i (corresponding to <p' instead of 
<p). Then, we obtain for the cup product 

tip U ^)'(r) - fa U Mr) = - J> • ( £ *y Wi) 

i \ 3 

but this expression comes from some map P m — > A. 




3 



3 T 1 , T 2 , and the cup product (for toric varieties) 

(3.1) We start with fixing the usual notations when dealing with affine toric 
varieties (cf. flKe| or jOd|): 

• Let M, N be mutually dual free Abelian groups, we denote by Mm, Nm the 
associated real vector spaces obtained by base change with M. 

• Let a = (a 1 , . . . , a N ) C N M be a rational, polyhedral cone with apex - given 
by its fundamental generators. 

<t v := {r G Mr I (a, r) > 0} C Mjr is called the dual cone. It induces a partial 
order on the lattice M via [a > b iff a — 6 G cr v ]. 

• A := (F[er v fl M] denotes the semigroup algebra. It is the ring of regular 
functions of the toric variety Y = Spec A associated to a. 

• Denote by E C a v fl M the minimal set of generators of this semigroup ("the 
Hilbert basis"). E equals the set of all primitive (i.e. non-splittable) elements 
of o~ v nM. In particular, there is a surjection of semigroups 7r : IN E — » cr v nM, 
and this fact translates into a closed embedding Y <^-> (E . 

To make the notations coherent with §0, assume that E = {r°, . . . , r w } consists 
of w + 1 elements. 

(3.2) To a fixed degree R G M we associate "thick facets" -ft'/ 2 of the dual cone 

Kf := {r G cr v n M | (a\ r) < (a 4 , R)} (z = 1, . . . , JV). 

Lemma: 

^; u i ff = Kni)\(i? + a v ). 

^ For eac/i r, s G if/* t/iere exists an I G suc/i t/iat £ > r, s. Moreover, ifY is 
smooth in codimension 2, the intersections K^DKj 1 (for 2-faces (a 1 ,^) <o) 
have the same property. 

Proof: Part (i) is trivial; for (ii) cf. (3.7) of ^TJ. □ 

Intersecting these sets with E C er v n M, we obtain the basic objects for describing 
the modules T Y : 

Ef := Kf HE = {r G E\ (a\r) < (a l ,R)}, 

N 

E* := (J Ef , and 

i=l 

:= f| for faces t < a . 
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We obtain a complex L(E R ), of free Abelian groups via 

L(E R U := L(E?) 
r < a 
dim t = k 

with the usual differentials. (L(. . .) denotes the free Abelian group of integral, linear 
dependencies.) 

The most interesting part (k < 2) can be written explicitely as 

L(E R ). : ► ®^^)<MEf n Ef) — ©^(Sf ) — L«) - . 

(3.3) Theorem: 

W T$(-R) = H° (l(e r ); ®x g 
(2) T*(-R) D H 1 (L(E R )l ®x G 



(3) Moreover, ifY is smooth in codimension 2 (i.e. if the 2-faces (o*, a J ') < a are 
spanned by a part of a 2L -basis of the lattice N ), then 

T*(-R) = H 1 (l(E r ):®%(E) . 

(4) Module structure: If X s E A (i.e. s E cr v n M), then E R ~ S C Rf, hence 
L(E R )l C L(E R ~ S )* 9 . The induced map in cohomology corresponds to the 
multiplication with x s in the A-modules Ty and T Y . 



The first part was shown in ||A1 1||; the formula for T 2 will be proved in §f|. Then, 



the claim concerning the module structure will become clear automatically. 
Remark: The assumption made in (3) can not be dropped: 

Taking for Y a 2-dimensional cyclic quotient singularity given by some 2-dimensional 
cone a, there are only two different sets E R and E R (for each R E M). In particular, 
H 1 (l(E r )1 ®% W) = 0. 

(3.4) We want to describe the isomorphisms connecting the general T*-formulas 
of (0.[1|) and (0.0) with the toric ones given in (|3|.[3|). 

Y (E w+1 is given by the equations 

fab ■= z a - i (a, b E N w+1 with vr(a) = tt(6) in cx v fl M), 



5 



and it is easier to deal with this infinite set of equations (which generates the ideal 
/ as a (F-vector space) instead of selecting a finite number of them in some non- 
canonical way. In particular, for m of (^.[I]) and (0.0) we take 

m := {(a, b) G N w+1 x N w+1 1 7r(a) = tt(6)} . 

The general T*-formulas mentioned in (@.|l|) and (0.0) remain true. 

Theorem: For a fixed element R G M let tp : L(E)(p — > (F induce some element of 
( L{E*) 



V l{e r ) \ ®% w ~ T y(~ R } (°f- Theorem WW)- 

i 

Then, the A-linear map 



\ 



J /j2 — A 



2 a - z 6 h-> ^(a - 6) • x'rW-* 



provides the same element via the formula (fj.^. 



Again, this Theorem follows from the paper |[A1 1|| - accompanied by the commuta- 



tive diagram of (f|.[$|) in the present paper. (Cf. Remark ([§.|]).) 

Remark: A simple, but nevertheless important check shows that the map (z_ a — 
z b ) i — > Lp(a — b) ■ x n ( a '~ R goes into A, indeed: 

Assume it (a) — R ^ o~ v . Then, there exists an index i such that (a 1 , 7c(a) — R) < 0. 
Denoting by "supp q" (for a q G M E ) the set of those r G E providing a non- 
vanishing entry q r , we obtain 

supp (a — b) C supp a U supp 6 C F 4 R , 

i.e. y?(a — 6) = 0. 

(3.5) The P-module 1Z C P m is generated by relations of two different types: 

r{a,b;c) := e a+c > b+c - z c e a ' b {a,b,c e 1N W+1 - n{a) = 71(b)) and 
s{a,b,c) := e b ' c - e a ' c + e a ' b (a, b, c G N w+1 ; vr(a) = tt(6) = tt(c)) . 

(e*'* denote the standard basis vectors of P m .) 

Theorem: For a /ixec? element R £ M let ipi : L(E R )a< — > (F induce some element 
of 

( Kpt (m.T,(F, R \ — >T,(F, ,R W \* 

®% d C Ty{—R) (cf. 



Ker (®iL{E R ) — > L(P ,i? ; 

> {^T^ZheJ n pf ) - 0iL(^; 
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Then, the P '-linear map 



K, 




r(a,b;c) h 


- ( 


s(a, b, c) h 


-> 



V>*(a - b) x ^ a+ ^- R for tt(o) G iff; 7r(a + c) > P 

/orvr(a) > A or vr(a + c) G U Af 



zs correct defined, and via the formula (|^.[§j «t induces the same element ofT Y . 

For the prove we refer to §f|. Nevertheless, we check the correctness of the definition 
of the P-linear map A instantly: 

(i) If 7r(a) is contained in two different sets Kf- and Kf, then the two fundamental 
generators d L and a? can be connected by a sequence a" 10 , . . . ,a lp , such that 

• a l ° = a 1 , a tp = a j , 

• a 1 " -1 and a 1 " are the edges of some 2-face of a (v = 1, . . . ,p), and 

• 7r(a) G for v = 0, . . . ,p. 

Hence, supp (a — b) C £^ _ i n P^ (i> = 1, . . . , p), and we obtain 

ipi(a - b) = ipi^a - b) = . . . = VV-i(° " b ) = ~ h ) • 

(ii) There are three types of P-linear relations between the generators r(. . .) and 
s(...) of ft: 

= r(a, b; c) — r(a, 6; c + <i) + r(a + c, 6 + c; d) , 

= r(fo, c; d) — r(a, c; d) + r(a, 6; d) — s(a + d, b + d, c + d) + z d s(a, b, c) , 
= s(b,c,d) — s(a,c,d)-\-s(a,b,d) — s(a,b,c). 

Our map respects them all. 

(iii) Finally, the typical element (z_ a — z_ b )e cd — (z_ c — z_ d )e ab G TZ® equals 

— r(c, d; a)+r(c, <i; b)+r(a, b; c)—r(a, b; d)—s(a+c, b+c, a+d)—s(a+d, b+c, b+d) . 
It will be sent to 0, too. 

(3.6) The cup product T Y x T Y — > T Y respects the grading, i.e. it splits into 
pieces 

T Y (-R) x T Y (-S) — > T Y (—R - S) (R, S G M) . 
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To describe these maps in our combinatorial language, we choose some set-theoretical 
section $ : M — > /Z w+1 of the ^-linear map 

n : ^to+i — > m 

a i — > a„ 

with the additional property $(> v n M) C W w+1 . 

Let g G C /Z w+1 be an integral relation between the generators of the semi- 

group <t v fl M. We introduce the following notations: 

• Q + jQ~ ]N W+1 denote the positive and the negative part of q, respectively. 
(With other words: q = q + — q~ and J2 V % 1v = 0-) 

• q ■= <q + ) = E v qt r v = Tr(g-) = E, £T ^ e M. 

• If ip, if> : L(E) — > ^ are linear maps and i?, 5 G M, then we define 

W,s(g) - - + $(fl) - -3) + ®(S) - q+) . 

Theorem: Assume that Y is smooth in codimension 2. 

Let R, S G M, and let ip,ip : L(E)(p — > (E be linear maps vanishing on ^L^E- 1 )^ 
and Y,iL(Ef)a, respectively. In particular, they define elements tp G T Y (—R), if) G 
Ty(—S) (which involves a slight abuse of notations). 

Then, the cup product p U if) G Ty{—R — S) is given (via (^^)(3)) by the linear 
maps (p U ip)i : L(E^ +S )(p — > d defined as follows: 

(i) If q G L(E^ +S ) (i.e. (a\suppq) < (a\R + S)) is an integral relation, then 
there exists a decomposition q = YlkQ such that 

— q k G L(E^ +S ), and moreover 

- (a\q k ) < (a\R + S). 

(it) (p U i/j), (q G L(E? +S )) := £ fc W, s (g fc ). 

It is even not obvious that the map q i— > J2k t{Q k ) 

• does not depend on the representation of q as a particular sum of g^'s (which 
would instantly imply linearity on L{E^ + )), and 

• yields the same result on L(Ej i+s (~)E^ +S ) for i, j corresponding to edges a\ a? 
of some 2-face of a. 
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The proof of these facts (cf. (|5].|4|))and of the entire theorem is contained in §|5|. 

Remark 1: Replacing all the terms $(•) in the t's of the previous formula for 
((f U ip)i{q) by arbitrary liftings from M to Z w+1 , the result in Ty(—R — S) will be 
unchanged as long as we obey the following two rules: 

(i) Use always (for all q, q k , and i) the same liftings of R and 5* to Zj w+1 (at the 
places of $(-R) and $(5*), respectively). 

(ii) Elements of cx v D M always have to be lifted to 1N W+1 . 



Proof: Replacing <&(R) by $(-R) +d (d G L(E)) at each occurence changes all maps 
{if U by the summand ip(d) ■ <£>(•). However, this additional linear map comes 
from L(E)\ hence it is trivial on Ker (®iL{E^ s ) -> L(E^ +S ) C L(E)j. 

Let us look at the terms <£>(g — i?) in t(g) now: Unless q > R, the factor <^(g) vanishes 
(cf. Remark (|3].§)). On the other hand, the expression t(q) is never used for those 
relations q satisfying q > R + S (cf. conditions for the g fc 's). Hence, we may assume 
that 

(q — R) > and, moreover, (q-R) e\jK t . 

i 

Now, each two liftings of (q — R) to 1N W+1 differ by an element of Ker if) only (apply 
the method of Remark (|3].^|) again), in particular, they cause the same result for 
t(q). □ 

Remark 2: In the special case of R > S > we can choose liftings $(-R) > $(S) > 
in 1N W+1 . Then, there exists an easier description for t(q): 

(i) Unless q > R, we have t(q) = 0. 

(ii) In case of q > R we may assume that q + > $(-R) is true in 1N W+1 . (The 
general q's are differences of those ones.) Then, t can be computed as the 
product t(q) = tp{q)if)(q). 



Proof: (i) As used many times, the property q G \JiE^ implies f(q) = 0. Now, we 
can distinguish between two cases: 

Case 1: q G {Ji^f- We obtain ift(q) = 0, in particular, both summands of t(q) 
vanish. 

Case 2: q>S. Then, q - S, S G a v n M, and $ lifts these elements to 1N W+1 . Now, 
the condition q G \Ji implies that <p ($(g - S) + $(5) - g + ) = 0. 

(ii) We can choose $(g - R) := q + - $(i?) and $(g - S 1 ) := q + - ®(S). Then, the 
claim follows straight forward. □ 
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4 Proof of the T 2 -formula 



(4.1) We will use the sheaf fl Y = ^a,\w °f Kaliler differentials for computing 
the modules T Y . The maps 

nl I 



a.; : Ext* 



is, a) ^Ext* A (p Y , a) =t; 



bA \ /tors(ft^ 
are injective. Moreover, they are isomorphisms for 

• i = l, since Y is normal, and for 

• i = 2, if Y is smooth in codimension 2. 



1,2) 



(4.2) As in [Al 1], we build a special A-free resolution (one step further now) 



g dig ^ dp ^ q dp ^ ds ^ £}y 



tors (Q\ 



0. 



Y) 



With L 2 (E) := L(L(E)), L 3 (E) := L(L 2 (E)), and 

q^suppt; t^asuppu) 

the A-modules involved in this resolution are defined as follows: 



supp 2 £:= |J suppg (f G L 2 (E)), supp 3 w := (J supp 2 £ (a; G L 3 (E)), 



B 



V 



reE A ■ B(r), C :-- 



( 



qGL(E) 
£>suppq 



A-C(q; 



qGL(E) 
\ Ti>l>suppq 



A-D(q;£, V ) 



^L 2 (E) 
r)>supp 2 (; 



A-D(£;ti)\, and 



qEL(E) 
fi>T]>£>supp q 



A-E{q;£,r),ii) 




£gl 2 (e) 

H>ri>supp 2 £ 



\ 



uj<=L 3 (E) 
u>>supp 3 uj 



A ■ E(uo] jj) 



J 



(B, C, D, and E are just symbols). The differentials equal 



d B 

d c 

d D 
d D 

d E 
d E 
d E 



B(r) i — > dx r 

C(q;£) ^ EreEQr^-Bir) 

D(q;£,r]) ^ C(q; rf) - x^ 1 ■ C(q, i) 

D(&T}) ^ E q eL(E)tq- C(q,r]) 

E{q;£,r),y) ^ D{q;r), y) - D{q;£, y) + x^ ■ D{q;£,r]) 

E(S; V ,ri » D(^y)-x^-D(^ V )-j: qeL{E) C q -D(q; V ,iJ,) 

E(u;n) i-> T,teV(E)Uz •£>(£;//). 
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Looking at these maps, we see that the complex is M-graded: The degree of each 
of the elements B, C, D, or E can be obtained by taking the last of its parameters 
(r, £, T], or /i, respectively). 

Remark: If one prefered a resolution with free A-modules of finite rank (as it was 
used in ||A1 the following replacements would be necessary: 

(i) Define succesively F C L(E), G C L(F) C L 2 (E), and H C L(GQ C L 2 (F) C 
L 3 (E) as the finite sets of normalized, minimal relations between elements of 
E, F, or G, respectively. Then, use them instead of L l (E) (i = 1, 2, 3). 

(ii) Let £, rj, and \i run through finite generating (under (<r v fl M)-action) systems 
of all possible elements meeting the desired inequalities. 

The disadvantages of those treatment are a more comlplicated description of the 
resolution, on the one hand, and difficulties to obtain the commutative diagram 
(HH), on the other hand. 



(4.3) Combining the two exact sequences 

/irc — ^ m — J /j* - o and V 



n 



A 



o 



we get a complex (not exact at the place of A m ) involving Qy. We will compare 
in the following commutative diagram this complex with the previous resolution of 

/tors(^)- I/ 2 



K 



Jin 



n 



VD 



D 



PC 



PD 



®A 



£ 



V 



c 



d c 



B 



Yl 







/tors (tt Y ) 

Let us explain the three labeled vertical maps: 

(B) ps : dz r i — ► B(r) is an isomorphism between two free A-modules of rank w + 1. 

(C) pc '■ e ab i — ► C(a — b; 7r(a)). In particular, the image of this map is spanned by 
those C(q, £) meeting £ > q (which is stronger than just £ > supp q). 

(D) Finally, pr> arises as pull back of pc to /j . It can be described by r (a, b; c) t— > 
D(a — 6;7r(a),7r(a + c)) and s(a,b,c) i— > D(^;7r(a)) (^ denotes the relation 
£=[(&-c)-(a-c) + (a-6) = 0]). 
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Remark: Starting with the typical 7^o-element mentioned in (|^.[|)(iii), the previous 
description of the map po yields (even in T>). 



(4.4) By (f|.|ID we get the A-modules T Y by computing the cohomology of the 
complex dual to those of (d-R). 



As in |[A1 1|| , denote by G one of the capital letters B, C, D, or E. Then, an element 
if) of the dual free module (0 W[a n Ml • G)* can be described by giving elements 

G 

g(x) G W[a fl M] to be the images of the generators G (g stands for b, c, d, or e, 
respectively). 

For if} to be homogeneous of degree —R G M, g(x) has to be a monomial of degree 

deg g(x) = —R + deg G. 

In particular, the corresponding complex coefficient g G (F (i.e. g>(a;) = g • x ~ R+dcgG ) 
admits the property that 

g^O implies - R + degG >0 (i.e. - R + deg G G <r). 



Remark: Using these notations, Theorem (|3].|3p(l) was proved in | |A1 1| | by showing 
that 

i ' 

if i-> [. .., c(q;£) :=<p(q),...] 
is an isomorphism of vector spaces. 

Moreover, looking at the diagram of (§.§), e ab G A m maps to both z a — z b G^/j2 and 
C(a—b; 7r(a)) G C. In particular, we can verify Theorem ([|f|): Each (f : L(E)<j; — > (F, 
on the one hand, and its associated A-linear map 

7 / /2 — ^ 
2 a - z b i-> <^(a - 6) ■ x w W- fl , 

on the other hand, induce the same element of T Y (—R). 

(4.5) For computing T Y (—R), the interesting part of the dualized complex 

(§.§)* in degree —R equals the complex of (F-vector spaces 

C*_ R r fl 
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with coordinates c, d, and e, respectively: 
C*_ R = { c(q;£) | c(q; £) = for £ - R £ a} 

V*_ R = {[ d(q;£, V ) , d(^ V ) ] | d(q;£, V ) = for r, - R £ a, and 

d(f ; 77) = for 77 - i? £ d-} 

£* R = {[e(g; 77, fj,), e(£; 77, /z), e(c<;; //)] | each coordinate vanishes for ji — R ^ a}. 
The differentials 0^ and can be described by 
d(q;£,r]) = c(q;r)) - c(q;£), 

d(£;v) = E £ q - c(q;r]), and 

q&F 

e(q;£,r],fi) = d(q; 77, //) - d(q; £, /i) + £, 77), 

?GG 

Denote V := Kertf^ C P* fl and := Imc^ C V, i.e. 

V = {[ d(g;l,77) ; rf(&q) ]| gei(S), 77 > £ > suppg in M; 

£ G L 2 (E), 77 > su PP 2 e; 

£, 77) = d(£; 77) = for 77 - R £ a, 
d(q; £, fi) = d(q; £, 7/) + d(q; 77, fi) (fi > 77 > I > supp q), 
d(f ; n) = d(f ; 77) + £ ? £ q ■ d(q; 77, fi)(fi> 77 > supp 2 £), 
S^eG ^ A 4 ) = for G L 3 (E) with /i > supp 3 c<j}, 

W = 77) ; d(£;rj) ] | there are c(q; £)'s with c(g, £) = for £ - R £ a, 

d(q;£,7]) = c(q;r]) - c(q;£), 

d(€;v) = ■ c (t,v) }• 

By construction, we obtain 

V/ W = Ext^ ( ^/tors(Q^) » A ) ^ T -(-^ 

(which is an isomorphism, if F is smooth in codimension 2). 

(4.6) Let us define the much easier vector spaces 

Vi := {[xi(q) s J I Xi(q) = Xj(q) for • (a 1 , a 3 ) < a is a 2-face and 

(9eW) . q eL(E«nE?), 

£ G L 2 (E^) implies • ^(<?) = } and 

== {[^M (?eu , L(£f)) ] I e G ^(U W)) implies • = 0}. 

Lemma: T/ie linear map V\ — > V defined by 

Xi(q) for £ G iff, 77 > i? 



d(q;£,v) ■= 



/or £ > i? or 77 G U iff ; 
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induces an injective map 




IfY is smooth in codimension 2, it will be an isomorphism. 

Proof: 1) The map V\ — > V is correct defined: On the one hand, an argument as 
used in ([|[5[)(i) shows that £ G Kf fl Kf would imply Xi(q) = Xj(q). On the other 
hand, the image of [xi{q)] q£L ^ E R) meets all conditions in the definition of V. 

2) W\ maps to W (take c(q,£) := x(q) for £ > R and c(q,£) := otherwise). 

3) The map between the two factor spaces is injective: Assume for [xi(q)] qGL ( E R) 
that there exist elements c(q,£), such that 

c(q;£) = for£e\jKf, 

i 

Xi(q) = c(q; r]) - c(q; £) for i] > £, £ £ Kf, 7]>R, 

= c(q; rf) — c(q; £) for rj > £ and [£ > R or rj G |J Kf] , and 

i 

= ' c (<?' V) for V > supp 2 £ . 

In particular, Xi(q) do not depend on i, and these elements meet the property 

= for^GL(|jL(Ef)). 

4) If y is smooth in codimension 2, the map is surjective : 

Given an element [d(q; £,rj), d(^;r])} G V, there exist complex numbers c(q;rf) such 
that: 

(i) d(^rj) = c(q;T]) , 

(ii) c(g; r?) = for 77 ^ + cx v (i.e. 77 G U iff) . 

(Do this separately for each 7] and distinguish between the cases i] G R + <r v and 

In particular, [c(g; 77) — c(q;£), d(^;r])} G PU. Hence, we have seen that we may as- 
sume g?(£; 77) = 0. 

Let us choose some sufficiently high degree £* > E. Then, 

Xi(q) := d(q;£,rj) - d(q;£*r)) 

(with £ G Kf, £ > suppg (cf. Lemma (§-0)(2)), and i] > £,t,R) defines some 
preimage: 

(i) It is independent from the choice of rj: Using a different 7/ generates the 
difference d(q; rj, rj') — d(q; rj, 7/). 
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(ii) It is independent from £ e Kf: Choosing another £' e Kf with £' > £ 
would add the summand d(q; £, £'), which is 0; for the general case use Lemma 

m (2)- 

(hi) If (a 1 , a 3 ') < a is a 2-face with suppg C L(Ef ) fl L(Ej i ), then by Lemma 
(0.0) (2) we can choose an £ e if/* fl achieving = Xj(q). 

(iv) For £ e L 2 (E^) we have 

and this gives the corresponding relation for the Xi(q)'s. 

(v) Finally, if we apply to [2^(5)] G V\ the linear map V\ — > V, the result differs 
from [d(q;£,r)),0] € V by the ty-element built from 

c(q-£)-=l d (^^V)-d(q;l*,v) ^>R 
^ ' ' I otherwise . 

k □ 



(4.7) Now, it is easy to complete the proofs for Theorem (0.0) (part 2 and 3) 
and Theorem (0.0): 

First, for a tuple [xi{q)] q( zL(E R )i t ne condition 

implies '£Z q -x i (q) = 
q 

is equivalent to the fact the components Xi(q) are induced by elements x% G L{E^)* W . 
The other condition for elements of V\ just says that for 2-faces (a 1 , a J ) < a there is 
Xi = Xj on L(E^ fl £^)a; = L(E^)(p fl L(E^)a. In particular, we obtain 

= Ker (©,L(£f )* ffl - © (aW)<ff L(£f H #f . 
In the same way we get 

and our T 2 -formula is proven. 

Finally, if ^ : L{E^)(p — > (T are linear maps defining an element of Vi, they induce 
the following A-linear map on D (even on Imc^): 

n( e s J My) ■ x v ~ R for eeK?, v >r 

^ I for |>jj or??eU .^ 

£>(£;t7 ^ 0. 

Now, looking at the diagram of (0.0), this translates exactly into the claim of The- 
orem (0.0). 
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5 Proof of the cup product formula 

(5.1) Fix an R e M, and let ip G L(E)@ induce some element (also denoted 
by ip) of Ty{—R). Using the notations of (@.0), (HH), and (|||D we can take 

ipifap) := ip{a - 0) ■ z*^-V 
for the auxiliary P-elements needed to compute the A(y?)'s (cf. Theorem (|3].|4|)). 

Now, we have to distinguish between the two several types of relations generating 
the P-module TZ C P m : 

(r) Regarding the relation r(a, b; c) we obtain 

r 0> b ; C)ap ■ <p(fap) = <f(fa+c,b+c) ~ Z° <P(fab) 

(a,/3)em 

= <p(a - b) ■ (z*(*(«+«0-h) - 

= if (a — b) ■ f<S>(- K (a+c)-R),c+3>(ir(a)-R) • 

In particular, 

x r(a,b;c) ( ]= f <p(a - b) for [a, /3] = [c + $(7r(a) - R) , $(7r(a + c) - P)] 
Q/3 ^ ~~ \ otherwise . 

(s) The corresponding result for the relation s(a, b, c) is much nicer: 

s(fl, b, c) a p ■ (p(f a p) = (f(fbc) ~ 0(fac) + 0(fab) 

W)6m 

= [<p(b - c) - <p(a - c) + (p(a - b)} ■ z^ {a) ~ R) 

= 0. 

In particular, \ s ( a ' b ' cS) (tp) = 0. 



(5.2) Now, let R,S,ip, and ip as in the assumption of Theorem Using 
formula (|[|3])(iii), our previous computations yield (<p U ip)(s(a, b, c)) = and 

i!P U V)(r(o, 6; c)) = E« l/3 A^ c) (^) • VIM + ■ A$* c) (V0 

= y?(a - 6) • ip (c + $(7r(a) - R) - $(7r(a + c) - P)) • x Ac+H^)-R))-s + 

+ip(a - 6) • <p (c + $(vr(a) - S) - $(vr(a + c) - 5)) • x*(>**M*)-S))-R 

= [ip(a -b)-ip(c + $(vr(a) - P) - $(vr(a + c) - P)) + 

+^(a - 6) • ip (c + $(vr(a) - S) - $(vr(a + c) - 5))] • X <^)-RS _ 
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Remark: Unless n(a + c) > R + S, both summand in the brackets will van- 
ish. For instance, on the one hand, ir(a) G \JiKf- would cause ip(a — b) = 0, 
and, on the other hand, 11(a) — R > and 7r(c + $(7r(a) — R)) G Ui Kf imply 
ip(c + $(vr(a) - P) - $(vr(a + c) - R)) = 0. 

To apply Theorem we would like to remove the argument c from the big coef- 
ficient. This will be done by adding a suitable coboundary T. 



(5.3) Let us start with defining for (a, (3) G m 

t(a, (3) := <p(a -0)-ip ($(7r(a) - R) + $(R) -(3) + 

+tp(a -P)-cp ($(vr(a) - S) + $(5) - a) . 

(This expression is related to t^.j^s from (|||) by t(q) = t(q + ,q~).) 

Lemma:Lei a, f3, 7 G wift 7r(a:) = 7r(/3) = 7i"(7). 
(%) £(«,/?) = t(a - (3) as long as 7r(a) G Ui-^f +5 - 

(2j t(/3, 7 )-t(a,7)+t(a,/3) = 0. 

Proof: (1) It is enough to show that t(a + r, (3 + r) = t(a,f3) for r G -CV' 6 ', 
ir(a + r) G Ui^ R+5 - But the difference of these two terms has exactly the shape 
of the coefficient of x n ( a+c > R ~ s in (0.0). In particular, the argument given in the 
previous remark applies again. 

(2) By extending ip and ip to linear maps (E E — > (T, we obtain 

t(a, (3) = [<p(a - /?) ^ ($(7r(a) - R) + $(R)) + ip(a - /?) <p ($(vr(a) - 5) + $(£))]+ 

+ M(3)^((3)- V (a)^(a)}. 

Now, since 7r(a) = it(/3) = 71(7), both types of summands add up to separately in 
t{(3 n )-t{a,j)+t{a,P). □ 

Remark: The previous lemma does not imply that t(q) is ^-linear in q. The as- 
sumption for it (a) made in (1) is really essential. 

Now, we obtain a P-linear map T G Hom(P m , A) by 

T . a/3 ^ f *(<*, /?) x" (a) - fi - s for 7r(a) > P + S 
I otherwise . 



T(r(a,b; c)) 



Pulling back T to K C P m yields (in case of vr(a + c) > P + 5) 

f [t(a + c, 6 + c) - t(a, 6)] • x *(*+c)-R-S for ^ > ^ + g 
[ t(a + c, 6 + c) • x 7r ( a+c )~ fi ~' s otherwise 

f -(^UV)(r(a,6;c)) for tt(o) > R + 5 

I t(a, b) x n( - a+c 1~ R ~ s - (ip U -?/>)( r ( a > c)) otherwise 
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and T(s(a, b, c)) = (by (2) of the previous lemma). 

On the other hand, T yields a trivial element of Ty(—R — S), i.e. inside this group 
we may replace <p U if) by (<p U if)) + T to obtain 



(^UV)(r(o,6;c)) = j 
(pU^)(s(o,ii,c)) = 



t(a, b) ■ X ^ a+C ^- R - S for vr(a) G U< vr(a + c) > + 5 

otherwise , 



Having Theorem (HH) in mind, this formula for ipUip is exactly what we were looking 
for: 

Given an r(a, b; c) with 7r(a) G Kf , let us compute (</? U := a — 6) following 
the recipe of (i), (ii) of Theorem (|3].|6]). We do not need to split q = a — b into a sum 
Q — Sfe - the element g itself already satisfies the condition 

(a\q) < (a\Tt(a)} < (a\R + S). 

In particular, with (ip U ip)i(a — b)— t(a — b)= t(a, b) we will obtain the right result 
- if the recipe is assumed to be correct. 

(5.4) We will fill those remaining gap now, i.e. we will show that 

(a) each q G L(E R+S ) admits a decomposition q = Y,k Q k with the desired prop- 
erties, 

(b) EkQ h = (with q k G K* +s ) implies E^(<? fc ) = 0, and 

(c) for adjacent a\ a? the relations q G L(Ej i+s H E^ +s ) admit a decomposition 
Q — Sfc Q k that works for both i and j. 

(In particular, this answers the questions arised right after stating the theorem in 

W-) 

Let us fix an element i G {1, . . . , N}. Since <r v H M contains elements r with 
(a 4 , r) = 1, some of them must be contained in the generating set E, too. We choose 
one of these elements and call it r(i). 

Now, to each refiwe associate some relation p(r) G L(E) by 

p( r ) : = e r - (a\r) • e r(i) + [suitable element of % En{at]± ] . 
The two essential properties of these special relations are 

(i) (a\p(r)) = (a\r), and 

(ii) if q G L(E) is any relation, then q and J2 r eE<lr • p( r ) differ by some element of 
L(E n (a 4 » only. 
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In particular, this proves (a). For (b) we start with the following 

Claim: Let q k G L(E) be relations such that J2k( a \ ( l k ) < (a l ,R+ S). Then, 
Y. k t{q k )=t{^ k q k ). 

Proof: We can restrict ourselves to the case of two summands, q l and q 2 . Then, by 
Lemma (|[||), 

t(q l )+t(q 2 ) = t(tf) + ,tf)-)+t ({?)+,{<?)-) 

= t ((g 1 )* + (g 2 ) + , (qT + (g 2 ) + ) + t ((g 2 ) + + (g 1 )", (g 2 )~ + (g 1 )-) 
= tiiqY + iqY^q'r + iq 1 )-) 

= t^ + q 2 ). □ 

In particular, if J2kQ k = (with q k G Kf 1 ), then this applies for the special 
decompositions 

q k = £ q k ■ p{r) + q°' k {q°' k G L(E fl (a l ) x )) 

r 

of the summands g fc themselves. We obtain 



E 8? -t (p(r)) + t(g°' fc ) = t E <W»0 + ?°' fe ] = : *(? 

<j£>0 \9r>0 



and 



q£<0 \?*<0 / 

Up to elements of .En (a 1 ) -1 , the relations q 1,k and g 2 ' fc are connected by the common 

(q 1 *)- = -ql* • e r « = (a\ q k ) ■ = g 2 g ■ e r ® = (g 2 ' fc ) + . 
Hence, Lemma (|[^|) yields 

E Qr ■ t (p(r)) + *(g°' fc ) = tfa 1 -*) + t(g 2 ' fc ) = t (g 1 '* + g 2 ' fc ) = t{q k ) , 

r 

and we conclude 

E^ fc ) = EfE^^bW) + ^°' fc )) 

k k \ r ) 

= E ^E 9r J * G°( r )) + t ^E ?°' fe J ( cf - P rev ious claim) 

= o + t (E<7 fc -E^p0 



fe.r 
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Finally, only (c) is left. Let a\ a- 5 be two adjacent edges of a. We adapt the 
construction of the elementary relations p(r). Instead of the r(i)'s, we will use 
elements r(i,j) G E characterized by the property 

(a i ,r(i,j)) = l, (aP,r(i,j)) = 0. 

(Those elements exist, since Y is assumed to be smooth in codimension 2.) 
Now, we define 

p( r ) : = e r - (a 1 , r) ■ e r{i ' j) - (a j , r) ■ e r(j ' i] + [suitable element of z En ^ ±n ^ ± ] . 

These special p(r)'s meet the usual properties (i) and (ii) - but for the two different 
indices i and j at the same time. In particular, if q G L(E) is any relation, then q 
and J^rGEQr ■ p{f) differ by some element of L(E fl (a 1 ) 1 - fl (a-')~ L ) only. 



6 An alternative to the complex L(E R ) m 

(6.1) Let R G M be fixed for the whole The complex L(E R ), introduced 
in fits naturally into the exact sequence 

-> L(£ fl ). — > (^). — > span(£*). -> 
of complexes built in the same way as L(E R ),, i.e. 



(% ER )- k := © and span(E K )_ fe := © span(£^) . 

T<<7 T<<7 
dim r=fc dim T=fc 



Lemma: T/ie complex {2L ), exact. 
Proof: The complex (Z eR ) 9 can be decomposed into a direct sum 



.= ©(^)(r). 



showing the contribution of each r G M. The complexes occuring as summands are 
defined as 

dim r=fc 



{r | dim T=fc; rg_B^} 

Denote by H + the halfspace 

H + := {aeN M \ (a, r) < (a, R)} C iV K . 
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Then, for r ^ 0, the fact that r G E R is equivalent to r \ {0} C H + . On the other 
hand, r G -E^ corresponds to the condition a fl if + 7^ 0. 

In particular, (^ Ei? )(r)., shifted by one place, equals the complex for computing 
the reduced homolgy of the topological space U{r | r \ {0} C H + } C a cut by some 
affine hyperplane. Since this space is contractable, the complex is exact. □ 

Corollary: The complexes L(E R )l and span(E R )l[l] are quasiisomorphic. In par- 
ticular, under the usual assumptions (cf. Theorem $$^)), we obtain 

T^(-R) = H l [span{E R )l ®x W) . 



(6.2) We define the M- vector spaces 

f for (a\ R) < 

V* := span^f ) = \ [a* = 0] C M M for (a*, fl> = 1 

( M M = M n for (a\ R) > 2 

(i = 1, . . . , N), and 

V T R := n a i er V R D span R (E R ) (for faces r < a) . 



Proposition: With V R k := © V R we obtain a complex V R 3 span^lE 11 ),. More- 

T<tJ 

dim r=k 

over, ifY is smooth in codimension k, then both complexes are equal at >(—k). 
Proof: V R = span K (i^) is true for smooth cones r < a (cf.(3.7) of |[A1 1=1 
Corollary: 

(1) IfY is smooth in codimension 2, then Ty{—R) = H 1 ((V R )* ®jr^)- 

(2) IfY is smooth in codimension 3, then T^(-R) = H 2 ((V. K )* ® M W). 

The formula (1) for T Y (with a more boring proof) was already obtained in (4.4) of 



7 3- dimensional Gorenstein singularities 

(7.1) We want to apply the previous results for the special case of an isolated, 
3-dimensional, toric Gorenstein singularity. We start with fixing the notations. 
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Let Q = conv(a 1 , . . . , a N ) C M 2 be a lattice polygon with primitive edges 

cf : = a l+1 -a 1 e% 2 . 

Embedding 1R 2 as the affine hyperplane [a 3 = 1] into iV K := J? 3 , we can define the 
cone 

<x:=Cone(Q) C N M . 

The fundamental generators of a equal the vectors (a 1 , 1), . . . , (a w , 1), which we will 
also denote by a 1 , . . . , a N , respectively. 

The vector space M M contains a special element R* := [0, 0; 1]: 

• (•, R*) = 1 defines the affine hyperplane containing Q, 

• (•, R*) — describes the vectorspace containing the edges d l of Q. 
The structure of the dual cone <r v can be described as follows: 

• [c; rf\ G Mjh is contained in <r v , iff (Q, — c) < 77. 

• [c; 77] G (9<t v iff there exists some i with (a\ — c) = 77. 

• The set E contains R*. However, E \ {R*} C 9a v . 

Remark: The toric variety Y built by the cone a is 3-dimensional, Gorenstein, 
and regular outside its 0-dimensional orbit. Moreover, all those singularities can be 
obtained in this way. 

(7.2) Let V denote the (N — 2)-dimensional iR-vector space 

V :={{t u ...,t N )\ Y / t i <? = 0}C]R N . 

i 

The non-negative tuples among the t&V describe the set of Minkowski summands 
Qt of positive multiples of the polygon Q. (tj is the scalar by which d l has to be 
multiplied to get the i-th edge of Qt-) 

We consider the bilinear map 

V x R E ^ iR 

f if c = (i.e. [c,rj\ = R*) 

I Ei=\ t v ■ (d v , -c) if {a\ -c)= V . 



t , [c; r]] G E 



Assuming both a 1 and the associated vertices of all Minkowski sumands Qt to co- 
incide with G M 2 , the map \1/ detects the maximal values of the linear functions c 
on these summands 

[c; r/]) = Max ((a, — c) | a G Qt) . 
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In particular, ^(1, [c; rj\) — r], i.e. \I/ induces a map 

The results of | A1 2 | and [Sri] imply that \I/ provides an isomorphism 

/ 



V 



(L = TU-R*) = Ty ■ 



In particular, dim Ty = N — 3. 



(7.3) Let R G M. Combining the general results of with the fact 

□ V* = Ker [ffi^ n l&) — 



coming from the special situation we are in, we obtain the handsome formula 

"fKspan^f ) / 

/span^n^) 



T Y (-R) 



T Y is concentrated in the degree —R*. Hence, for computing T Y , the degrees —kR* 
(h > 2) are the most interesting (but not only) ones. In this special case, the vector 
spaces Vf R * equal Mm, i.e. 



T Y (-kR*) 



M, 



■ i 



kR* 



c 



M, 



(F ■ R* 



span (P (d\...,d N ) C N, 



a' 



Proposition: For c G M 2 denote by 

d(c) : = Max((a l ,c) \ i = 1, . . . , N) - Mm((a\c) \ i — 1, . . . , N) 
the diameter of Q in c-direction. If 

k\ := Min d(c) and k 2 := Min Max[d(c),d(c')] , 

/in. indept. 

then dimT Y (-kR*) = 2 /or 2 < fc < k x , 

dim !£(-£;#*) = 1 /or h + I < k < k 2 , and 
d\iaTy(-kR*) = /or fc 2 + 1 < fc . 
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Proof: We have to determine the dimension of span ff (Hi E^ R )/([!. r* ■ Computing 
modulo R* simply means to forget the rj in [c; rj] G M. Hence, we are done by the 
following observation for each c G Z 2 \ 0: 

3rj G Z : [c, rj\ G fli A? R * 3n G ^ : (A; - 1)R* > [c; 77] > 

d(c) < k - 1 . 

Corollary: Unless Y = (F 3 or K = cone over iP 1 x IP 1 , we have 

T Y (-2R*) = span w (d x , ...,d N ), 

i.e. dimT Y {-2R*) = 2. 

(7.4) Proposition: Using both the isomorphism Vccjq} . \ — > T Y and the 

injection T Y (—2R*) <— >• span^i^d 1 , . . . , 0^), i/ie cup product T Y xT Y —y Ty equals the 
bilinear map 

Vw/dJ.i x Vw/(p.\ — ► span^d 1 ,. . . ,d N ) 

S 1 t. 1 * s i ^ • 



Proof: Sfep 1: To apply Theorem (|3].|6|) we will combine the isomorphisms for T Y 
presented in §|| and Actually, we will describe the dual map by associating to 

each r G M an element [(^(r), . . . , q N (r)] G Q)iL(Ef R *). 

First, for every i = 1, . . . , N, we have to write r G M = (span Ef R ) n (span Ef R ± ) 
as a linear combination of elements from Ef R H Ef R ^. This set contains a ^-basis 
for M consisting of 

• r l := primitive element of o~ v D (a*)" 1 C ( a * +1 ) J_ ! 

• i?*, and 

• r(z) := r(z,i + 1) (cf. notation at the end of (§.f|)), i.e. (a\r(i)) = 1 and 

(a i+ \r(i)) = 0. 

In particular, we can write 

r = g^r) ■ r* + (a i+ \r) ■ R* + ((a i , r) - (a m , r)) • r(z) 
with some integer g l (r) G 

Now, we have to apply the differential in the complex (/Z e2R )., i.e. we map the 
previous expression via the map 
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The result is (for every i) the element of L(Ef R ) 

g l {r) e rl - <-1 (r) e r ^ 1 + (o* - a i+1 ,r) ■ e r « - (a^ 1 - a\ r) ■ e r ^ + (a i+1 - a\ r) ■ e R * 
= (d 1 , r) ■ (e R * — e r WJ + [(a^-summands] =: q l (r) . 

Step 2: Defining 

cl ■= e R * - e r{i) + [(ay-summands] E L{E? R *) (i = 1, . . . , N) , 
we use Theorem (|||6]) and the second remark of ([||6]) to obtain 

(sUt)i (g*(r)) = (d^^-t^Mf)^*,**^) = 9*) •*(&?*) ■ 
To compute those two factors, we take a closer look at the g J 's. Let 

and the sum is taken over those i>'s meeting the property (a 1 , —c v ) = if . Then, by 
definition of * in (0.0), 

*(& <t) = ( E *j <#', r(<)> - E Ai • ( E ^ (<£, o 

J= i « \i=i 

On the other hand, we know that q l is a relation, i.e. the equation 

V 

is true in M. Hence, 



= E)=iSj(dP,r{i))-YffiSj(dii,r(i)) 
= Si-(d\r(i)} 

= -St . n 



Ty C (Z^ is the tangent space of the versal base space S of our singularity Y. It is 
given by the linear equation J2{ti • d % = 0. 

On the other hand, the cup product T Y X T Y — > Ty shows the quadratic part of the 
equations defining 5 C (F^. By the previous proposition, it equals ■ d l . 

These facts suggest an idea how the equations of S C (E N could look like. In 
we have proved this conjecture; S is indeed given by the equations 

N 



= (k>l). 



i=l 
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